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rotation function to attain interpretable results and,
thus, provides a significant saving of computation
time. Furthermore, an accurate solution can be
obtained from a reasonably small number of strong
reflections using relatively low-resolution data.
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Abstract

A general diffraction theory is presented for the
diffuse scattering by correlated microdomains within
a disordered structure. The theory applies to crystals
with several atoms per unit cell and several types of
different microdomains. An analytical expression is
given for an assumed distribution function of the
microdomains within the disordered matrix of the
host. Since the analytical Fourier transform of this
distribution function is also given, very fast calcula-
tion of the diffuse intensity is possible.

0108-7673/90/100792-07$03.00

Introduction

Quantitative interpretations of diffuse scattering are
frequently done on the basis of the Warren short-
range-order (SRO) parameters. In the case of simple
alloy structures, good agreement of calculated and
observed intensities is obtained. Hayakawa & Cohen
(1975) presented a generalized solution for structures
with several sublattices. Any description by SRO
parameters, however, will not yield information on
the actual distribution of the defects. Extended
defects cannot be described. In particular, if the distri-

© 1990 International Union of Crystallography
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bution of the defects within the crystal shows short-
range order, a description with SRO parameters will
give a misleading picture of the true defect structure.

The theory described in this paper assumes the
following model. The host crystal is comprised of one
or several atoms per unit cell. Each of these sites may
be occupied by one or several different chemical
elements and/or vacancies. The distribution of these
elements on a specific site is assumed to be random.
No displacements from the average structure are
assumed to exist within the host crystal. Small
domains, called microdomains, are coherently inter-
grown within the crystal, i.e. the lattice of the crystal
is undisturbed. The structure of these microdomains
may be an ordered superstructure of the host crystal
or a completely new structure with the same lattice.
An ordered superstructure may include substitutional
order as well as displacements from the positions of
the average structure. The displacements are assumed
to be small enough for an expansion of the exponen-
tial function to be valid. Several different types of
microdomains may be present and no restrictions
apply to the size of the microdomains. The distribu-
tion of the microdomains within the host crystal
shows short-range order. Fig. 1 shows schematically
the distribution of microdomains within the matrix
of a crystal.

Hashimoto (1974) developed a theory to describe
the diffuse scattering by a distribution of correlated
microdomains in binary alloys. The SRO parameters
for the single pairs of atoms are replaced by three
parameters: a phase factor that describes the type of
order of the specific microdomain, a shape function
that describes the extent and form of the micro-
domains and a distribution function that describes
the correlation between the microdomains. The
definition of the phase factor restricts the theory to
binary alloys with one kind of microdomain. No
attempt has been made to give an analytical descrip-
tion of the distribution function permitting a direct
Fourier transformation.

Fig. 1. Schematic distribution of microdomains within a disor-
dered matrix. Modified after Hashimoto (1974). Microdomains
1, 2 and 3 lie correlated within the crystal, while the other
microdomains are distributed at random. The distance a is the
average separation of the microdomains. The length of coher-
ence, b, is the average length over which the microdomains are
distributed at constant spacing.
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In this paper the theory by Hashimoto (1974) is
extended to general structures. Instead of the phase
factor the structure factor of each microdomain is
explicitly calculated. This allows for any number of
types of microdomain in a structure with several
atoms per unit cell. An analytical model for the distri-
bution function is based on the model for a paracrys-
tal as described by Hosemann (1951; Hosemann &
Bagchi, 1952). For this distribution function a Fourier
transform is presented, which permits direct calcula-
tion of the intensity distribution in reciprocal space.

General theory

The amplitude scattered by a crystal with several
atoms per unit cell is given by

Ah) =Y Y (fx +4Afi) exp (—2mihrg), (1)
K i

where K =index of site in the unit cell, i =index of
unit cell of the average structure, fx = average atomic
scattering factor of atoms on the site K including the
Debye-Waller factor, Afx =deviation from the
average atomic scattering factor at the site K in unit
cell i, h=scattering vector, rix =vector from the
origin to the atom i (actual position, i.e. displacements
from ideal positions are included).

This general expression includes substitutional dis-
order and displacement disorder.

The intensity is given by the square of the
amplitude:

I(h) =§Z (fx + Afix) exp (=2mihrx )
x Y Y (f¥+Af}) exp (+2mihr;,). (2)
L j

The multiplication can be carried out and the terms
be sorted according to the various products of f:

I(h=1+L+1,+1,
=YY Y Y fufFexp[—2mih(rik —r;)]

KL ij

X3 E'Zf_xdfj'i exp [-2mih(rix —r;)]
+Y Y YT Afix ST exp [-2mih(rk — ;)]

KL ij
+ g{: ? ): b ) ﬂ.ﬁxdfﬁ. exp [—2mih(rx —1;)].

(3)

The first sum I, includes the intensity of the Bragg
reflections. Since r;x and r;. deviate from the ideal
positions only for the atoms within the microdomains,
I, also includes a weak contribution of diffuse scatter-
ing due to the displacement from the averaged struc-
ture. This contribution, which has been described by
Cowley (1981) and Schwartz & Cohen (1977), is
neglected in the present approximation. I,+I;
average approximately to zero, see Appendix A. The
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fourth sum I, describes the scattering by short-range
order and will be denoted by Igzo. Within this sum
it can be distinguished whether an atom is within or
outside a microdomain:

ISRO(h) = ISRO,] + ISRO,2+ ISRO,3+ Isno,4

SIS AmeAf’:L

KLmn
x exp [=27ih(rpmg —Ta)]

+ % LI Aoxdf

L on
x exp [—27ih(rox —Tap)]

+LLLY Al e

KLmp
x exp [—2aih(r.x —1p)]

+ITLL AfkAf o

KLop
x exp [—2mih(rox —1p)]. (4)

The subscripts m and n in (4) describe atoms that
do not lie in a microdomain, while the subscripts o
and p describe atoms that lie within a microdomain.
The first sum is the monotonic Laue scattering due
to a random distribution of point defects. The next
two sums average to zero since no correlation exists
between atoms within a microdomain and outside,
see Appendix B. The fourth sum describes the contri-
bution to diffuse scattering by correlated micro-
domains and will be denoted Iyp. At this point, the
center of a microdomain is defined to be a lattice
point within the microdomain. With this definition,
the vector from the origin to the atoms is now separ-
ated into a vector from the origin to the center of the
microdomain and a vector from the center of the
microdomain to the atom: r,x =R, +r%,.. Thus,
Isro4 in (4) can be split into a sum over all micro-
domains u, v and a sum over all atoms within the
microdomain:

IMD(h) =Z z Z Z z Z AfKouAftpv

u v KLop

X exp {_27nh[(Ru +rIKou) - (Rv + llll_pu)]}-

(5)
Equation (5) can be written as
IMD(h) = z Z I:% Z AfKou €xXp (_Zﬂihr'!(ou)]
X [Z Y Af F, exp (+21rihr’,_pv)]
Lp
x exp [-2#ih(R, —R,)]. (6)

The terms in square brackets describe the deviation
of the structure factor of the microdomains from the
structure factor of the average structure and will be
abbreviated to F, or F,. Thus, (6) describes the diffuse
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scattering by a distribution of microdomains:
IMD(h)=ZZ FuF?: exp [_Zﬂlh(Ru_Ru)] (7)

For all microdomains of one type the structure factor
F, is now denoted by the structure factor of this type
F,. The sums over u and v will then be separated into
a sum over all types of microdomains ¢ and s and a
sum over all microdomains u’ of type t and v’ of type
s, respectively:

IMD(h) = Z z -F‘I-F;k z Z exp [_27rih(Ru't - Rv’s)]'
j s u v (8)

Since the exact distribution of microdomains is
unknown, a distribution function must be assumed.
With R, =R,.,— R, the explicit sum over all micro-
domains can be replaced by a sum over all vectors
R;. The distribution function P;(R,) is equal to one
if R, connects two microdomains of type ¢ and s, and
otherwise zero. Thus, the value of Pi(R,) explicitly
depends on the length and direction of R, as well as
its origin:

Iup(h) =1 % F,F?ZI P (R)) exp (=2mihR,). (9)

In (9) the sum over I includes all vectors within the
crystal between any pair of lattice sites. This sum can
be separated into a sum over all free vectors I’ of a
given direction and length and an inner sum over all
the origins j of the vectors of direction and length
given by [

Iwp(h)=Y% FF¥ ) [Z P:S(Rl'j) €Xp (_27TihRI'j)]

I

=YY FFfY [Z P:S(Rl'j)] exp (—2mihR,;).
1 s rLj
(10)

Since R;; is identical for all j, the exponential term
in (10) can be taken out of the summation over j. The
explicit distribution function P;(R;;) can now be
approximated by the average distribution function
P,(R;) for a given free vector I'. For R, =0, the
distribution function is equal to &, and thus the sum
over j equals N,8,, where N, is the number of micro-
domains of type ¢ in the crystal. For R, # 0 the sum
over j can be calculated exactly for two extreme
situations, perfect periodic distribution and random
distribution. For a perfect periodic distribution the
sum over j is equal to N, or 0, depending upon
whether R, is a superlattice vector for the perfect
periodic distribution or not. For a random’ distribu-
tion of microdomains the probability of finding
another microdomain N of type s is N,v/V, where
N; is the number of microdomains of type s, V the
volume of the crystal and v the volume of a micro-
domain. Thus, the sum over j is equal to N,N,v/ V.
For a distribution with short-range order the probabil-
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ity to find a microdomain oscillates around N,v/V
and the value of the sum over j oscillates around
N,N,v/ V. The oscillation around N,v/ V is described
by the average distribution function P,(R;), and thus
(10) is

IMD(h)=ZZFxF§"N,[5u+ X Ps(Ry)

I'(R;70)

X exp (—27'rihR,»):| . (11)

Now the sum over I’ describes only all free lattice
vectors. In (11) the term

3 Ps(Ry) exp (~2mihRy) (12)

describes the Fourier transformation of the distribu-
tion function of the microdomains. An analytical
solution of this Fourier transformation, which is
based on the model of a paracrystal, is given in the
next section.

Fourier transformation of the distribution function

Hosemann (1951; Hosemann & Bagchi, 1952) intro-
duced the concept of a paracrystal. In this model the
position of the next neighbor of an atom is described
by a continuous distribution function H,(r). The dis-
tribution of the second neighbor is given by the self-
convolution of H,(r). The distribution of all neigh-
bors is then given by the geometric sum over all self
convolutions:

P(r)=H,+Y (H"+H™). (13)
Here I:I;" denotes the mth self convolution of H,; and
H, is the 8 function. Fig. 2 shows the first two parts
of the distribution function for a one-dimensional
distribution. Vainshtein (1966) described in detail the
Fourier transformation of this distribution function
P(r). For a one-dimensional distribution the Fourier

P(r)

a r
Fig. 2. Distribution function P(r) = Hy(r)+ H,(r) * H,(r). The dis-
tribution of the first and second neighbors. The distribution of
the second neighbors is given by the self convolution of the
distribution of the first neighbors.
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transform is
1+|Ef

Z =
() 1—-2|E| cos (2mwha)+|E|*’

(14)

where a is the average distance of the first neighbor
and | E|the modulus of the Fourier transform of H,(r).
In the simplest approach, the transform of a three-
dimensional distribution is given by the product of
three components.

To apply this model to the distribution of micro-
domains in a crystal, it has to be taken into account
that the vector connecting two microdomains cannot
be of any length. Rather, the vector is limited to lattice
vectors. The easiest way to describe this limitation is
to multiply (13) with a lattice function. The con-
tinuous distribution H, is then replaced by a discon-
tinuous distribution:

H;=Y H,8(x—nR,), (15)

where R, gives the separation of lattice points, ie.
the length of the unit cell. The average distance of
the first neighbour, @ in (14), is a=¢qR,, where g
does not need to be an integer number. Fig. 3 shows
this discontinuous distribution. The distribution H}
of the second neighbor follows from the self convol-
ution of Hj:

H,=H!% H!
= [Z H,(x)8(x— nRo)] * [Z H,(x)8(x - mRo)]
=YY | Hy(U)Hy(x- U)

The terms in the integral can be sorted to yield
H; =YY J[Hy(U)H(x~ U)8(x~ U ~mRy)]

x 8(U —nR,) dU. 17

Since | g(t)8(t—b)=g(b), the integration of the
term in square brackets with the & function can be

(\
P"(r)

a
r
Fig. 3. Discontinuous distribution function P"(r). A one-dimen-
sional lattice has been multiplied with the continuous distribu-
tion of Fig. 2. The probability of finding a microdomain on a
givensite is determined by the height of the distribution function.
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evaluated as

H;=}% H,(nRy)H,(x—nRy)8[x — (n+m)Ro].
nm (18)

The subscript m can be replaced by a subscript k
with k=n+m and thus m = k—n. The summations
over n and m run from minus infinity to plus infinity.
Thus, the sum over k runs from minus infinity to plus
infinity as well and is independent of n:

H,=}% Hl(nRO)Hl(x—nRO)S(x_kRO)' (19)
n k

The product of the two sums n and k can be written
separately again:

Hj= [}: H,(nRo)Hy(x — nRo)] Y 8(x—kRo).  (20)

After multiplying this equation by unity in the form
of Ry/ Ry, the sum over n yields a good approximation
for an integral:

H;= I/Rol:z H,(nRo)Hy(x — "Ro)Ro] % 8(x —kRo)

= 1/Ro[j H,(U)H(x—U) dU]Y 8(x—kRy).
(21)

The approximation of the sum over n by the integral
is very close if R, is small compared to the FWHM
of H,. This integral is the self convolution of the
continuous distribution H,:

H4y=1/RJ[H,* H]1Y 8(x—kRy). (22)
k

For all further convolutions the same algorithm holds.
The complete discontinuous distribution function fol-
lows as the sum of the self convolutions of the con-
tinuous distribution multiplied by the lattice function:

P"(x)= [Ho+z (1/Ro)'"“(FI{"+ﬁT1)]

X 2, 8(x—nR,)

= [H0+Roz (1/Ro>"'<ﬁ1"'+ﬁi"1)]

x Y 8(x—nR,). (23)

The Fourier transformation of this equation is the
convolution of the correlation function Z and the
reciprocal lattice G*:

DIFFRACTION THEORY FOR DIFFUSE SCATTERING

F[P"(x)]=Z(h) * G*
= [1+Roz (1/R0)“(Ei"+Ei"1')]

* 9’[2 8(x—nR0)]

E/R,
1-E/R,

E*/R,
=[”R" I—E*/Ro]

* F/?[Z 8(x— nRo)]

={[1+2|E| cos (2mxa)(Ro—1)/ R
+|E/R3(1-2Ry)]
x [1—2|E| cos (2mxa)+|E|’/ Ro] ™'}

* F [Z 8(x— nRo)] . (24)
Here, % symbolizes the Fourier transform and E is
the Fourier transform of the continuous distribution
H,. With this result (11) yields

IMD(h)=ZZ FzF)ssz{‘st
t s

+[Zs(h) Zis () Z,(hs) * G*1}. (25)

In (25) the correlation function Z, is a different
function for all pairs of microdomain types t and s
based on the distribution function P, as given by (11)
and (12). In most cases these different distribution
functions can be approximated by one distribution
function Z' that is identical for all pairs of micro-
domain types t and s. In order to determine whether
two microdomain types t and s are correlated at all,
a function C,, will be introduced. This function is
one if correlation between the types ¢ and s is allowed
and otherwise zero. Thus (25) will be

Ivp(h) = Z Z FfoNz{&s

+ CulZ'(h)Z'(hy) Z'(hs) * G*T}. (26)

To allow fast calculation of the diffuse intensity a
suitable function H, should be chosen. Most straight
forward solutions will be obtained by Gaussian or
Lorentzian distributions.

Distribution function for Gaussian distribution

The Fourier transform of the distribution in the case
of a Gaussian distribution will be derived. The
integral over the distribution H; must be unity so that
a normalized distribution results:

Hy(x)= Q@) o exp[-3(x—a)*/0’]. (27)
The modulus of the Fourier transform is given by

|E|=exp [-27(x*d?)]. (28)
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The mth self convolution of H, and its Fourier trans-
form are:

AT(x)=Qm) ¢ ' m™?
xexp [—3(x —ma)*/o’m], (29)
|ET|=exp[-27(x*c})m]. (30)

These formulas can easily be expanded for three-
dimensional distributions:

Hy(x) = (271')_3/2(0'110'120'13)_l
x exp {—3[(x, — @)’/ 0% +(x, — @)’/ 0%,
+(x3- @)%/ 03]} (31)
|Eu| =exp [-27%(xiot + xjoh, +x30];)] (32)

Here H,, is the x component of the distribution
function and E,, the x component of the Fourier
transform. In analogy to (31) and (32), the functions
Hy;, Hj; and E,, E,; are defined. The matrix o;; of
the displacement coefficients describes the FWHM
of the distribution function in three-dimensional
space.

Fig. 4 shows the continuous distribution function
P for various values of . The length of coherence is
the length at which the FWHM of the peaks is equal
to the separation of the peaks. At this length the
distribution function is almost constant. The argu-
ment of the exponential function in (29) has to be
equal to In(0-5) for (x — ma) = a/2. Thus the critical
value of m will be

M =-1/[81n(0-5)(o/a)*]. (33)

The length of coherence is the product of the average
distance @ and M.

Concluding remarks

The theory presented in this paper expands the theory
given by Hashimoto (1974) to materials with several
atoms per unit cell. Each microdomain is described

(a)
o (b)

™ 0(:)

1,00

s | | . |
S 000 560 100 0

Distance in multiples of the average separation a

Fig. 4. Distribution function P(x) for a Gaussian distribution. The
distribution is shown for different values of o/a: (a) o/a =0-10,
(b) 0/a=0:12, (¢) /a=0-14, (d) o/a=0-16.
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by the deviation of its structure factor from the struc-
ture factor of the average structure. The correlation
between the microdomains is described by a discon-
tinuous distribution function. Following Hosemann
(1951) and Hosemann & Bagchi (1952) the analytical
Fourier transformation of this distribution function
is developed. Therefore, fast calculation of intensities
is made possible, which allows for quantitative analy-
sis of diffuse scattering by disordered structures.

Work was supported by funds of the BMFT.

APPENDIX A

Itis shown here that the two sums I,+ I;in (3) average
approximately to zero. The two sums are

Iz,s(h) =L+ 13
=X2X Z fKAf_;kL exp [—2mih(rx — er)]

KL i j

+ ’Zé % Z Z Af;xf_’f exp [—27ih(rx —l'jL)]~
(A1)

The vector r;x can be expressed by the sum of the
vector to the ideal position plus a deviation from this
position: rjx =R;x +Ar;x. Thus (A1) can be written
as

Iz,s(h) = Z Z Z Z f_KAf;'kL

KL i j

X exp [—2mih(R;k ‘RjL)]

X exp [—-27ih(Ar;x — 4ar;)]
+IITT Mt

x exp [—2mih(R;x —R;.)]

x exp [—2wih(Ar;x — Ar; )] (A2)

Both sums can be sorted into groups of atoms for
which R;x —R;; is identical. Within each of these
groups the exponential function is identical and can
be taken out of the sums. For the sake of clarity the
outer sum over these groups of atoms will be omitted.
The inner sum over all atoms of one group is thus

Ia(h) =3 3T
x exp [-27ih(Arx — Arj; )]
+IIIT Ml

X exp [_27Tih(Al'|K _Aer)]. (A3)

These sums can further be sorted into a group of pairs
with both atoms outside any microdomain and a
group with at least one atom within a microdomain.
Within the first group, all atoms occupy ideal lattice
positions. Therefore, the exponential term is unity.
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Since the sum over all Af is zero:
Y. Y Afix ={(maxmpg) — (mpxmax )N fak —fox )
K i

=0, (A4)

the contribution of this first group is zero. Here mqx
and mgk are the relative occupations of the site K
by atoms A and B, respectively. The argument of the
exponential function is abbreviated to &;x; =2wh
X (Arx — Ar;.). Since deviations from ideal lattice
positions are small, the exponential function can be
expanded into a series up to second-order terms:
1'2,3 = Z Z Z Z fKAf;'kL(l - iSinL“%ﬁijL)

KL igj

+22X Z Afi FEQ — ik — 38500

KL ij

(AS)

The constant term averages to zero, due to (A4). Since
€ikL = —¢€jiLk » the linear terms add up to zero, if
anomalous dispersion can be neglected. The remain-
ing sum can be grouped into a group with exactly
one atom within a microdomain and a group with
both atoms within a microdomain. The first group
can further be sorted into groups with £ constant.
For these groups (A4) holds so that their contribution
is zero. The only significant part left is the group with
both atoms within a microdomain. For these pairs ¢
and Af are correlated. It cannot be expected that their
contribution will average to zero. Since & is small,
this quadratic contribution of I,+I; to (3) can be
neglected.

APPENDIX B

The terms Isgro 2 and Isge 3 in (4) describe the contri-
bution of pairs with one atom inside a microdomain
and the other outside a microdomain to the scattered
intensity. It will be shown that these contributions
average to zero. The two terms are

Isno,z,s(h) = Lgot ISRo,s

=ZZZZAfoKAf§L

KLon
x exp [—2mih(rox —r,.)]

+L XL L Muxdf 1

KLmp
(B1)

The vector r;x can be expressed by the sum of the
vector to the ideal position plus a deviation from this

x exp [—2#ih(rpx —T,1)]-

DIFFRACTION THEORY FOR DIFFUSE SCATTERING

position: r;x =Rk +Arx. Thus (B1) can be written
as

ISRO,2,3 =§ % Z Z Af;KAf >.':L

x exp [—2wih(R,x —R,.)]
x exp [—2mih(4r,k)]
SIDIDIDIDI. V.Y s

KLmp
x exp [-2mih(R,.x —R,1)]
x exp [—2wih(—A4r,.)]. (B2)

Both sums can be sorted into groups of atoms for
which Rix —R;, is identical. Within each of these
groups the exponential function is identical and can
be taken out of the sums. For the sake of clarity the
outer sum over these groups of atoms will be omitted.
The inner sum over all atoms of one group will thus
be

DI Af;;KAf?:L exp [—2mih(Ar.k)]
g(l % LY AfuxAf 3 exp [-27ih(~Ar,,)].
(B3)

The product of the sums over K and L can be written
separately:

IISRO,2.3 =§ Y Afox exp [—2mih(4r,k)] % 2 AfE
+L T Afmx LT AfukAf pL
K m Lp
x exp [-2#@ih(—Ar,.)]. (B4)
Owing to the definition of Af, (A4) holds and the

sums over L, n and K, m are zero. Therefore, the
contribution of Isgo, and Isgos in (4) is zero.

I ISR0,2,3 =2
K
+
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